Fully analytic expressions, for the electric and magnetic fields of an ultrashort and tightly focused laser pulse of the radially polarized category, are presented to lowest order of approximation. The fields are derived from scalar and vector potentials, along the lines of our earlier work for a similar pulse of the linearly polarized variety. A systematic program is also described from which the fields may be obtained to any desired accuracy, analytically or numerically.
I. INTRODUCTION
Present-day high-power laser systems, and ones that are currently envisaged for the near future [1] [2] [3] , are mostly of the pulsed type. For many applications [4] [5] [6] [7] [8] [9] [10] [11] , including laser acceleration of electrons, ions and bare nuclei, and laser-matter interaction, the need for superintense pulses which contain merely a few laser cycles, continues to grow. Hence, a proper theoretical representation for the electric and magnetic fields of a pulse of this type is very much in demand and continues to motivate work, and stimulate efforts, in the field .
A radially-polarized laser beam or pulse has two electric field components, one radial, which helps to confine a beam of particles to a region close to the propagation axis, and a second that is axial, which comes in handy for particle acceleration [37] [38] [39] [40] . This work is also motivated by recent advances in the technology of radially polarized laser systems [41, 42] . For modeling ultra-short ultrastrong laser pulses, the paraxial solutions of Maxwell's equations are no longer adequate [12] [13] [14] . The need for more accurate solutions to be employed [15, 29] seems timely now.
This paper contributes to those continuing efforts and builds upon former investigations [34] [35] [36] . Analytic expressions for the most dominant terms in the description of the electric and magnetic fields of an ultra-short and tightly-focused laser pulse of the radially-polarized category, will be derived. For our purposes in this work, ultra-short will mean of axial length, L, small compared to a Rayleigh length z r , and by tightly-focused will be meant of waist radius at focus, w 0 ≤ λ 0 , where λ 0 is a central wavelength.
This paper is organized as follows. First, key points of the background material are briefly reviewed in Sec. II. Based on that, analytic expressions for the zerothorder fields, in some truncated series, assumed to be the most dominant ones, will be derived in Sec. III, following the work of Esarey et al. [15] and our own earlier * ysalamin@aus.edu † Jian-Xing.Li@mpi-hd.mpg.de investigations [34, 36] . Higher-order corrections will only be used in numerical simulations, as they turn out to be quite cumbersome. In the derivations, two different initial pulse frequency-distributions will be employed, one Gaussian and the other Poissonian. Two sets of zeroorder fields, obtained from the two distributions, will be derived and compared analytically, as well as numerically. A summary and our main conclusions will be given in Sec. IV.
II. BACKGROUND
The fields will be derived from a vector potential A which satisfies the wave equation
and a similar equation for the scalar potential Φ in vacuum, where c is the speed of light. The vector and scalar potentials will be assumed to be linked via a Lorentz condition. The Following is a brief outline of the steps leading from Eq. (1) to an expression for A, and the associated scalar potential, from which the E and B fields of a radially polarized laser pulse will ultimately be obtained [34] . The starting point is a change of variables, to the set (ρ, η, ζ), where ρ = r/w 0 , r = x 2 + y 2 , w 0 is the initial waist radius at focus, ζ = z−ct, and η = (z+ct)/2. In terms of the new variables, and for propagation along the z-axis, the ansaz
for the single-component vector potential is then introduced, in which A 0 is a constant complex amplitude, and k 0 = 2π/λ 0 is a central wavenumber corresponding to the central wavelength λ 0 . The coordinate transformations turn (1) into an equation for the amplitude a(ρ, η, ζ), which may then be synthesized from Fourier components a k , according to
It can be easily shown that each Fourier component satisfies an equation of the form
Equation (4) admits an exact analytical solution, which may be written as
where
As has been pointed out elsewhere [15, 34, 35] , f k is a function that must be adopted to appropriately represent the wavenumber distribution in k-space of the initial pulse, and whose Fourier transform will be related below to the spatio-temporal pulse envelope. Unfortunately, the Fourier transform of a k according to Eq. (3) cannot be evaluated analytically, in general. Resort to approximation is, therefore, inevitable. Viewing ψ k as a function of k ′ ≡ k + k 0 , the following series expansion may be the natural approach to follow, namely
With the help of this expansion, the vector potential amplitude may be written as
is Fourier transform of the product f k ψ k . In anticipation of the conclusion, to be arrived at shortly, that terms in the sum (8) beyond the first will contribute negligibly in real applications, Eq. (8) will be replaced by the truncated series
At this stage, the complex amplitude will be written as A 0 = a 0 e iϕ0 , in which ϕ 0 is an initial phase and a 0 is a real amplitude for the exact vector potential. The status of a 0 will be slightly modified in the approximate solutions to be presented below, by introducing modeldependent normalization factors, defined appropriately at each level of truncation. With this, the truncated vector potential (to order of truncation n) takes the form
Equation (11) can be employed to obtain the electric and magnetic fields, to any desired order of truncation. However, on account of the conclusion to be made shortly for some initial frequency spectra, the zeroth-order terms may be the most dominant ones and only the lowestorder corrections may be necessary. For book-keeping purposes, explicit expressions for ψ (m) 0 , with m = 0 − 3, are [34, 35] 
In Eqs. (12)- (15) 
where z r is the Rayleigh length. The zeroth-order electric and magnetic fields of an ultrashort and tightly focused laser pulse will be derived from the above equations, fully analytically. The first-order, and possibly higher-order corrections, can in principle be used in numerical calculations.
III. THE FIELDS
The radially polarized E and B fields will be obtained below from the one-component axially polarized vector potential
whereẑ is a unit vector in the direction of propagation of the pulse, taken along the z-axis of a cylindrical coordinate system, together with the associated scalar potential [34, 35, 43, 44] . Employing SI units, the radial and axial electric field components may be obtained, respectively, from [34] 
FIG. 1. (Color online)
The initial (t = 0) scaled intensity |Ez/E0| 2 along the propagation direction (ρ = 0) of a radially polarized pulse prepared from a Gaussian initial spectrum and using the zeroth-order field component Ez (blue solid lines) and when the first-order correction to Ez is included (red dashed lines). Values of L = w0 increase from (a) 0.5λ0 to (f) 3λ0 in steps of 0.5λ0. For all graphs, ϕ0 = 0.
in which
Furthermore, the only (azimuthal) magnetic field component will follow from
Derivation of analytic expressions for the electric and magnetic fields from the appropriate vector potential will be done below. The starting point along this path is a choice that must be made for an appropriately defined initial pulse spectrum. In the next two subsections, two such choices will be made.
A. An initial Gaussian spectrum An initial Gaussian spectrum is considered first, following Esarey et al. [15] and our own earlier work [36] . Employing the same notation as in [15, 36] the initial wavenumber distribution will be given by
in which σ is the pulse's initial full-width-at-halfmaximum, given in terms of its spatial extension in the forward direction, L ∼ cτ 0 , where τ 0 is the temporal pulse duration, by σ = k 0 L/(2 √ 2 ln 2). To move on to finding the vector potential amplitude according to Eq. (10) one needs to evaluate the integral (9) first. To any order of truncation m, one has
In this equation 1 F 1 stands for a confluent hypergeometric function, and the superscript G stands for Gaussian.
To lowest-order of truncation, and according to Eq. (9) or (23)
will give, at t = 0, the initial spatial pulse envelope. To the same order, Eqs. (10) and (12) yield
After some elaborate algebra, Eqs. (18)- (21) give In Eqs. (26)- (28) 
is common to all three field components. To maintain the general structure of the defining equations of the electric field components, namely, Eqs. (18) and (19) the following functions are introduced
and
With E 0 = ck 0 a 0 and N
G given by Eq. (37) below, the remaining quantities in Eqs. (30) and (31) are
which follows from Eq. (20) using the Gaussian spectrum, and Note that the radial electric field and azimuthal magnetic field components vanish identically at all points on the propagation axis, where ρ = 0. For applications in which corrections to the field components beyond firstorder need not be considered, a normalization factor, N (0) , will be introduced, whose value is to be found by requiring that E z (0, 0, 0) = E 0 . Dropping correction terms of first-order of truncation and beyond, where applicable, it is suggested here to let a 0 → a 0 N (0) G , and to use this requirement to obtain
in order to partially compensate for the loss of accuracy.
For applications which require inclusion of the firstorder corrections to the fields given by Eqs. (26)- (28) the quantity
is needed in addition to F 0 . To that order, a 0 → a 0 N
G , in which the corresponding normalization factor is
To assess the relative importance of the first-order corrections to the zeroth-order field components, Fig. 1 shows the scaled intensity, |E z /E 0 | 2 , along the propagation direction, without the normalization factors, of a pulse, with and without these corrections. It is clear from the figure that the zeroth-order expression is sufficient for describing the field component E z , so long as the values of w 0 = L > λ 0 . For w 0 = L = 0.5λ 0 , adding the first-order correction term changes the Gaussian shape of the pulse quite visibly, indicating that the representation may not be valid down to that level of tight focusing.
To make up for the compromised accuracy, which results from dropping the higher-order corrections, a normalization factor has been employed in the fashion described above. In Fig. 2 , the same intensity profile, |E z /E 0 | 2 , is shown for the cases (a) and (b) of Fig. 1 , but with the normalization factors included. Inclusion of the first-order terms does not result in any visible corrections to the intensity profiles for all values of w 0 = L ≥ λ 0 , and thus those terms can safely be dropped when the normalization factors are employed. Unfortunately, the range of validity of the zeroth-order fields cannot clearly be extended down to a pulse of sub-wavelength waist radius w 0 and/or axial length L. Neither is the Gaussian shape restored fully under these conditions. Next, the intensity profile |E r /E 0 | 2 , derived from the radial component of the electric field, is investigated in the initial focal plane (t = 0 = z). Examples are shown in Figs. 3 and 4 . It is obvious from Fig. 3 , and for the parameter set used, that addition of the first-order correction alters the profile visibly only for w 0 = L = 0.5λ 0 , as shown in Fig. 3a . For w 0 = L ≥ λ 0 , on the other hand, the zeroth-order description seems to be sufficient, and the first-order corrections may safely be dropped. 5 , but using the normalization factors specific to a radially polarized pulse which evolves from an initial Poisson spectrum.
B. An initial Poisson spectrum
As has already been pointed out elsewhere [15, 36] the Gaussian spectrum (22) has, inherent in it, negative frequencies. The first term in Eq. (22) has been introduced specifically [15] to eliminate the frequency corresponding to k = −k 0 . An initial spectrum which involves only physical frequencies, to be employed next, is the Poissonian [28, 29, 33] 
where s is a real positive parameter, Γ(x) is the Gamma function, and H(k) is a unit step function, introduced precisely to exclude the (unphysical) negative frequencies. The parameter s is related to the laser pulse duration τ 0 , or root-mean-square of the temporal distribution, through [28, 29] τ 0 = 2s
Equation (41) is quadratic in s. In subsequent developments and the examples to be investigated and presented graphically, values of s > 1 will be considered only. Fourier transform of f k for the Poisson spectrum, for an arbitrary order of truncation m, follows immediately from Eq. (9). The result is
in which the superscript P stands for Poisson, and Next, the lowest-order fields will be derived from the vector potential, following the procedure outlined in Sec. II above. The main equations for the zeroth-order fields will be spelled out explicitly here, together with the defining equations for the quantities of relevance to them.
The starting point is a vector potential similar to that given by Eq. (17) with an expression for a(ρ, η, ζ) exactly the same as in Eq. (25) apart from
the Fourier transform of f k . The following field components follow from Eqs. (18)- (21) 
Here, too, E 0 = ck 0 a 0 , and corresponding to Eq. (29) of the Gaussian distribution, one has for the Poisson spectrum
The structure of the defining equations (18) and (19) is maintained here, too, which requires introduction of the Posisson spectrum functions
and 6 , but using the normalization factors specific to a radially polarized pulse which evolves from an initial Poisson spectrum.
In Eqs. (49) and (50)
is obtained from (20) employing parameters of the Poisson spectrum, and
Furthermore, the following is a normalization factor similar to (37) of the Gaussian distribution
To save space in this paper, the first-order corrections to the fields obtained in this section will not be given. Only the corresponding pulse-shape function F P 1 and the normalization factor N (1) P will be given, respectively, by
The set of figures 5-8 correspond, one-to-one and respectively, to the set 1-4, albeit for the Poisson initial frequency spectrum. One major distinction between the two sets should be pointed out, though. In Figs. 1-4 the field components employed are described by zeroand first-order truncation terms, whereas Figs. 5-8 have been calculated using up to and including second-order truncation corrections. Note that, in Figs. 5 and 6, adding further correction terms does not result in good convergence of the displayed curves, for w 0 = L ≤ λ 0 . Upon further scrutiny, this behaviour has been found to be due to the odd-order truncation terms. By contrast, in the radial intensity profiles displayed in Figs. 7 and 8 , convergence occurs already at the first-order correction and, therefore, terms beyond zeroth-order, in the expressions which model the radial electric field component E r , can safely be dropped. An accurate description of E r of an ultra-short and tightly-focused laser pulse may adequately be described by the lowest order term, down to the range w 0 = L = λ 0 /2.
IV. SUMMARY AND CONCLUSIONS
This paper has been devoted to the analytic calculation of the electric and magnetic fields, to lowest-order truncation, of an ultra-short and tightly-focused laser pulse, of the radially polarized variety, propagating in a vacuum, from vector and scalar potentials linked by the Lorentz condition. Two initial wavenumber distributions have been used to synthesize the fields of the pulse by proper Fourier transformation. Every effort has been exerted to develop and present the final results from both distributions, similarly. Similar quantities have been introduced in the descriptions of the results, distinguished from one another merely by subscripts G (for Gaussian) and P (for Poisson) to facilitate comparison and contrast. Whereas explicit expressions have been reported only for the most dominant (zeroth-order) terms, a complete program has also been outlined, including some important analytic steps of basic relevance, for calculating the field components numerically, to any desired order of truncation. Scaled initial intensity profiles |E z /E 0 | 2 and |E r /E 0 | 2 , based on our analytic (zeroth-order) and numerical (first-and second-order) have been displayed graphically, employing a set of parameters which emphasizes the ultra-short and tightly-focused characteristics of the pulse.
Our main conclusions from this work may be summarized as follows. The analytic expressions reported above for the zeroth-order components of the fields are compact, and may be found quite handy for many applications. Terms of higher order than the zeroth, however, turned out to be quite cumbersome and have, thus, been left out. Alternatively, the program of calculating the fields numerically can be resorted to, if needed. It has been demonstrated, by showing initial intensity distributions, that the zeroth-order expressions are sufficient for describing all of the field components when the Gaussian spectrum is employed, and for pulse axial length, L, and waist radius at focus, w 0 , down to λ 0 /2. For the Poisson spectrum, the same conclusion has been arrived at for only the radial component E r . More (higher-order) terms are needed to adequately model the axial component E z , for the same parameter set just mentioned. 
